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Abstract

In this paper we define a property that implies uniform Opial con-
dition or uniform Kadec-Klee property in Banach spaces. This will
unify many examples in the literature. Finally we will extend these
properties into hyperbolic metric spaces.
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1 Introduction.

Recently it has been shown [6,7,28,34,36,45] that many classical or nonclassi-
cal Banach spaces enjoy a uniform property with respect to a given topology.
This enables the authors to prove a fixed point result via well known theo-
rems [10,19,32]. In this work we show that there is a more general property
that reduces to the main conclusion of these results. Therefore these conclu-
sions should not be seen as particular results in particular spaces. We will
also define and study properties such as Opial condition, Kadec-Klee and
ergodic properties in hyperbolic metric spaces.

2 Basic Definitions.

In this section X will stand for a Banach space and τ for a topological vector
space topology on X that is weaker than the norm topology.

Definition 2.1 X will be said to satisfy the property (L) for the topology
τ if and only if there exists a continuous function δ(r, s) such that

δ(lim inf
n→∞

||xn − x||, ||x− y||) ≤ lim inf
n→∞

||xn − y||, (1)

for every {xn} τ -convergent to x in X and for every y ∈ X. We will assume
that δ is increasing with respect to every variable, that is

δ(r, s) < δ(r′, s) whenever r < r′,

and
δ(r, s) < δ(r, s′) whenever s < s′.

Let us mention that this property originated from Lim’s work [37]. Indeed
Lim proved that for {xn} ∈ lp (p ∈ (1,∞)), weakly convergent to x, then

lim inf
n→∞

||xn − y|| = (lim inf
n→∞

||xn − x||p + ||x− y||p)1/p,

for every y ∈ lp. The same conclusion holds in l1 for σ(l1, c0)-convergent
sequences. Using this property Lim defined in any Banach space a property
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similar to the property (L). In his definition the inequality in the relation
(1) is replaced by an equality. It is rather restricting to consider the equality
since many examples do not satisfy this property.

Definition 2.2 Let δ be as in Definition 2.1.

(i) We will say that δ is of type (I) if

δ(r, 0) = r, for every r.

(ii) We will say that δ is of type (II) if

δ(0, s) = s, for every s.

Using the continuity of δ, it is not hard to see that if δ is of type (I) (resp.
(II)) then

inf{δ(r, s0)− r; r ∈ [0, A]} > 0 (resp. inf{δ(r0, s)− s; s ∈ [0, A]} > 0)

for every r0 > 0, s0 > 0 and A > 0.

Examples.

(1) Let {xn} ∈ lp (p ≥ 1) be weakly convergent to 0. Then for every x ∈ lp

we have
lim inf
n→∞

||xn − x||p = lim inf
n→∞

||xn||p + ||x||p.

This implies that lp (for p ≥ 1) satisfies the property (L) for the weak
topology, with

δ(r, s) = (rp + sp)1/p.

Since the weak topology and the strong topology coincide in l1, the
property (L) for the weak topology reduces to a trivial relation in this
case. Therefore this example is interesting only when p > 1.

(2) Consider the space lp (1 < p < ∞) with the new norm

|x| = ||x+||+ ||x−|| , x ∈ lp

where x+ and x− are the positive and negative parts of x respectively
and ||.|| stands for the lp-norm. The new space is denoted by lp,1. Let
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u ∈ lp,1 and define the support of u to be the set supp(u) = {n; un 6= 0}.
Let u and v in lp,1, we will write supp(u) < supp(v) whenever for every
i ∈ supp(u) and j ∈ supp(v) we have i < j. Let u and v be in lp,1 such
that |u + v| ≤ 1, u 6= 0, v 6= 0 and supp(u) ∩ supp(v) = ∅. Then we
have the following inequality

|u + v| ≥
(
|u|p + |v|p

)1/p
.

Indeed, since

|u+v| = ||u++v+||+||u−+v−|| =
(
||u+||p+||v+||p

)1/p
+

(
||u−||p+||v−||p

)1/p
,

then using the triangle inequality for the lp-norm in R2, we get

|u + v| ≥
(
|u|p + |v|p

)1/p
.

Therefore, (lp, |.|) (for p ≥ 1) satisfies the property (L) for the weak
topology, with

δ(r, s) = (rp + sp)1/p.

(3) Let {xn} ∈ l1 be σ(l1, c0)-convergent to 0. Then for every x ∈ l1 we
have

lim inf
n→∞

||xn − x|| = lim inf
n→∞

||xn||+ ||x||.

Hence l1 satisfies the property (L) for the weak∗-topology, with

δ(r, s) = r + s.

A similar conclusion holds for l1,p (1 < p < ∞), where l1,p stands for l1

with the new norm

|x| =
(
||x+||p + ||x−||p

)1/p
, x ∈ l1

where x+ and x− are the positive and negative parts of x respectively
and ||.|| stands for the l1-norm. We use again the σ(l1, c0)-convergence
and get

δ(r, s) = (rp + sp)1/p.
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(4) Let X be a Banach space that is reflexive and has a weakly sequentially
continuous duality map Jφ associated to a gauge function φ which is
continuous, strictly increasing with φ(0) = 0 and limt→∞ φ(t) = ∞.
Set Φ(t) =

∫ t
0 φ(x)dx. Then

Φ(||x + y||) = Φ(||x||) +
∫ 1

0
< y, Jφ(x + ty) > dt,

for all x, y ∈ X. Therefore if {xn} converges weakly to 0 in X and
x ∈ X, then

Φ(lim inf
n→∞

||xn + x||) = Φ(lim inf
n→∞

||xn||) + Φ(||x||).

Therefore X satisfies the property (L) for the weak topology and

δ(r, s) = Φ−1(Φ(r) + Φ(s)).

For more on this example see [16].

(5) In [8] it is proved that if {fn} is a sequence of Lp-uniformly bounded
functions on a measure space, and if fn → f almost everywhere, then

lim inf
n→∞

||fn||p = lim inf
n→∞

||fn − f ||p + ||f ||p,

for all p ∈ (0,∞). A generalization of this relation to vector valued
functions can be found in [6]. Therefore Lp satisfies the property (L)
for convergence almost everywhere with

δ(r, s) = (rp + sp)1/p.

It is not hard to see that this conclusion still holds for convergence in
measure.

(6) Consider the Banach space C1(l
p, lq) of nuclear operators, with 1/p +

1/q = 1. It is known (see [43,44]) that C1(l
p, lq) is the dual of K(lq, lp)

the space of compact operators. Using Arazy’s ideas [3] one can show
that if {xn} ∈ C1(l

p, lq) converges weak∗ to 0, then for every x ∈
C1(l

p, lq) we have

lim inf
n→∞

||xn + x||q ≥ 1

2q/p
lim inf
n→∞

||xn||q + ||x||q.
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This clearly implies that C1(l
p, lq) satisfies the property (L) for the

weak∗ topology and

δ(r, s) = (
1

2q/p
rq + sq)1/q.

(7) Consider the Hardy space H1(∆) where ∆ is the open unit disc in the
complex plane. Recall that

H1(∆) = {f : ∆ → C; f holomorphic and ||f || < ∞},

where

||f || = sup
0<r<1

{ 1

2π

∫ 2π

0
|f(reiθ)|dθ}.

It is well known that (see [35,42])

H1(∆) = (C(Π)/Ā0(∆))∗,

where Π is the unit sphere in the complex plane, C(Π) is the space of
all continuous functions defined on Π and

Ā0(∆) = {f analytical functions on ∆ such that f(0) = 0}.

Using the ideas of Haagerup and Pisier [21] one can show that if {xn} ∈
H1(∆) converges weak∗ to 0 and if x ∈ H1(∆) then

1

2
lim inf
n→∞

||xn||2 + ||x||2 ≤ lim inf
n→∞

||xn − x||2.

Hence H1(∆) satisfies the property (L) for this weak∗ topology with

δ(r, s) = (
1

2
r2 + s2)1/2.

(8) Consider the spaces

Ji = {{xn} ∈ c0; ||(xn)||i < ∞},

for i = 1, 2, 3 where

||(xn)||1 = sup
p1<p2<..<pm

(
m∑

j=2

|xpj
− xpj−1

|2)1/2
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||(xn)||2 = sup
p1<p2<..<p2k

(
k∑

j=1

|xp2j
− xp2j−1

|2)1/2

and

||(xn)||3 = sup
p1<p2<..<pm

(
m∑

j=2

|xpj
− xpj−1

|2 + |xpm − xp1|2)1/2.

The choice of norms depends on the property that one would like to get.
These spaces play a central role in the geometry of Banach spaces (see
[2,24,25]). It is not hard to see that if u =

∑
i<p αiei and v =

∑
i>p+1 βiei

(where {en} are the unit coordinate vectors) are in J1 or J2 then

||u||2i + ||v||2i ≤ ||u + v||2i ,

where i = 1, 2. From this one can deduce that if {xn} converges weakly
to 0 in J1 or J2 then

lim inf
n→∞

||xn||2i + ||x||2i ≤ lim inf
n→∞

||xn − x||2i ,

for every x ∈ Ji and i = 1, 2. Therefore the spaces J1 and J2 satisfy
the property (L) for the weak topology and

δ(r, s) = (r2 + s2)1/2,

for both spaces.

3 Uniform Opial condition and uniform Kadec-

Klee property.

Throughout this section we will assume that the topology τ is lower semi
continuous with respect to the norm, that is if {xn} τ -converges to x ∈ X,
then

||x|| ≤ lim inf
n→∞

||xn||.

It is easy to see that this will happen if and only if the closed balls are se-
quentially τ -closed.
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Definiton 3.1 We will say that X satisfies τ -Opial condition if for every
bounded {xn} ∈ X that τ -converges to x ∈ X, then

lim inf
n→∞

||xn − x|| < lim inf
n→∞

||xn − y||,

for every y 6= x.
We will say that X satisfies the uniform τ -Opial condition if for every R > 0,
for every ε > 0 there exists η > 0 such that for every {xn} ∈ X which τ -
converges to x ∈ X and for every y ∈ X, we have

lim inf
n→∞

||xn − x||+ η ≤ lim inf
n→∞

||xn − y||,

provided lim inf
n→∞

||xn − x|| ≤ R and ||x− y|| ≥ ε.

Opial’s property plays an important role in the study of τ -convergence of
iterates nonexpansive mappings and of the asymptotic behavior of nonlinear
semigroups [26,33,38,39,41].
Clearly uniform τ -Opial condition implies τ -Opial condition. This property
is related to the property (L) as the next theorem shows.

Theorem 3.1 Let X be a Banach space that satifies the property (L) for
τ convergent sequences. Assume that the associated function δ is of type (I).
Then X satisfies uniform τ -Opial condition.
Proof. Let ε > 0 and {xn} be τ -convergent to x ∈ X. Let z ∈ X such that
||x− z|| ≥ ε. Then since X satisfies the property (L) we have

δ(lim inf
n→∞

||xn − x||, ||x− z||) ≤ lim inf
n→∞

||xn − z||.

Using the properties of δ we get

δ(lim inf
n→∞

||xn − x||, ε) ≤ lim inf
n→∞

||xn − z||.

Since δ is of type (I), then there exists η such that

lim inf
n→∞

||xn − x||+ η ≤ δ(lim inf
n→∞

||xn − x||, ε).

This clearly implies the conclusion of theorem 3.1.

Using the examples discussed in the previous section we get.

Corrollay 3.1
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(1) lp,1, for p ∈ [1,∞), satisfies weak-uniform Opial condition.

(2) Let τ be the weak∗-topology σ(l1, c0). Then l1,p, for p ∈ [1,∞), satisfies
τ -uniform Opial condition.

(3) Let X be a reflexive Banach space which has a weakly sequentially con-
tinuous duality map. Then X satisfies weak-uniform Opial condition.

(4) Let τ be the topology of convergence in measure. The Lp, for p > 0,
satisfies τ -uniform Opial condition.

(5) The James’ spaces J1 and J2 satisfy weak-uniform Opial condition.

In the following we will discuss the case of spaces with δ that is of type
(II). Before we proceed, let us introduce the Kadec-Klee property (in short
K-K property).

Definition 3.2 We will say the X satisfies τ -K-K property if for some
ε > 0 there exists η > 0 such that for every {xn} in the unit ball of X
τ -convergent to x we have

||x|| ≤ 1− η

provided that
sep{xn} = inf{||xn − xm||; n 6= m} > ε.

We will say that X satisfies τ - uniform K-K property if the above still holds
for every ε.

This property originated in [14,22]. It was quickly related to the fixed
point property through normal structure property [15,23] (see the next sec-
tion for the definitions). In [5,36] the authors introduced a Kadec-Klee prop-
erty for other than the classical weak or weak∗-topologies.

Theorem 3.2 Let X be a Banach space that satifies the property (L) for
τ convergent sequences. Assume that the associated function δ is of type (II).
Then X satisfies τ -uniform Kadec-Klee property.
Proof. Let ε > 0 and {xn} in the unit ball be τ -convergent to x. Assume
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that sep{xn} > ε. Using the triangle inequality one can show that (after
throwing out at most one element of {xn})

ε

2
≤ lim inf

n→∞
||xn − x||.

Since
δ(lim inf

n→∞
||xn − x||, ||x||) ≤ lim inf

n→∞
||xn||,

we get

δ(
ε

2
, ||x||) ≤ 1.

Using the fact that δ is of type (II), then there exists η > 0 such that

||x|| ≤ 1− η.

This gives the desired conclusion.

All the spaces discussed in the previous examples have an associated func-
tion δ that is of type (II). Then the next result will follow.

Corollary 3.2 All the spaces discussed in the examples of the previous
section satisfy τ -uniform Kadec-Klee property.

It is worthy to mention that this corollary not only includes known results
but it adds other unknown ones.

4 Opial condition and Kadec-Klee property

in Hyperbolic metric spaces

Let (M, d) be a metric space. Suppose there exists a family F of metric
segments such that each two points x, y in M are endpoints of a unique
metric segment [x, y] ∈ F ([x, y] is an isometric image of the real line interval
[0, d(x, y)]). We shall denote by (1 − β)x ⊕ βy the unique point z of [x, y]
which satisfies

d(x, z) = βd(x, y), and d(z, y) = (1− β)d(x, y).
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Such metric spaces are usually called convex metric spaces. If moreover we
have for all p, x, y in M

d(
1

2
p⊕ 1

2
x,

1

2
p⊕ 1

2
y) ≤ 1

2
d(x, y)

then M is said to be a hyperbolic metric space. It is easy to check that in
this case we have for all x, y, z, w in M and β ∈ [0, 1]

d((1− β)x⊕ βy, (1− β)z ⊕ βw) ≤ (1− β)d(x, z) + βd(y, w).

In general the point
η1x1 ⊕ ....⊕ ηnxn

where (x1, .., xn) in M and (ηi) in [0, 1] such that
∑

ηi = 1, can be defined in
a canonical fashion. In particular, for every n0 ≥ 1, for every n = kn0 + m
and for every x1, x2, .., xn ∈ M , we have

1

n
x1 ⊕

1

n
x2 ⊕ ...⊕ 1

n
xn =

kn0

n

(1

k
z0 ⊕ ....⊕ 1

k
zk−1

)
⊕

(
1− kn0

n

)
w

where

zi =
1

n0

xin0+1 ⊕ ...⊕ 1

n0

x(i+1)n0 , i = 1, .., k − 1

and

w =
1

n− kn0

xkn0+1 ⊕ ...⊕ 1

n− kn0

xn.

This definition of convex combinations does not enjoy all the properties
of linear convex combinations. Therefore, in this work, we will assume that
the following property is satisfied by convex combinations

d(
1

n
x1 ⊕ ....⊕ 1

n
xn,

1

n
x2 ⊕ ....⊕ 1

n
xn ⊕

1

n
xn+1) ≤

1

n
d(x1, xn+1),

for every (x1, .., xn+1) in M and n ≥ 1.
Clearly normed spaces are hyperbolic spaces. As nonlinear examples one can
consider Hadamard manifolds [13] and the Hilbert open unit ball equipped
with the hyperbolic metric [18]. We will say that a subset C of a hyperbolic
metric space M is convex if [x, y] ⊂ C whenever x, y are in C.
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Let τ be another topology on M that is weaker than the strong topology.
We will assume that τ is lower semi continuous, that is

d(x, y) ≤ lim inf
n→∞

d(xn, yn)

for every {xn} and {yn} in M τ -convergent to x and y (respectively) in M .
We will also assume that τ -compact subset are τ -sequentially compact.

One can mimic the definitions 2.1 and 2.2 in this setting.

Definition 4.1 Let (M, d) be a hyperbolic metric space.

(1) We will say that M satisfies τ -Opial condition if for every {xn} ∈ M
that τ -converges to x ∈ M we have

lim inf
n→∞

d(xn, x) < lim inf
n→∞

d(xn, y),

for every y 6= x.

(2) We will say that M satisfies the uniform τ -Opial condition if for every
R > 0, for every ε > 0 there exists η > 0 such that for every {xn} ∈ M
which τ -converges to x ∈ M and for every y ∈ M , we have

lim inf
n→∞

d(xn, x) + η ≤ lim inf
n→∞

d(xn, y),

provided lim inf
n→∞

d(xn, x) ≤ R and d(x, y) ≥ ε.

(3) We will say that M satisfies τ -Kadec-Klee property if for some ε > 0
and every r > 0 there exists η > 0 such that for every {xn} in M
τ -convergent to x we have

d(x, a) ≤ r(1− η)

provided that d(xn, a) ≤ r and

sep{xn} = inf{d(xn, xm); n 6= m} > r ε.

We will say that M satisfies τ -uniform Kadec-Klee property if the above
holds for every ε.
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Next we will discuss the relation between these two properties and the
fixed point property.

For D ⊂ M we set

diam(D) = sup{d(x, y); x, y ∈ D},

r(x, D) = sup{d(x, y); y ∈ D},

r(D) = inf{r(x, D); x ∈ D},

C(D) = {x ∈ D; r(D) = r(x, D)}.

Note that r(x, D) minimizes the radius of balls centered at x which contain D
and that C(D) may be empty. But if D is τ -sequentially compact then C(D)
is not empty. Indeed let {xn} be in D such that limn→∞ r(xn, D) = r(D).
Since D is τ -sequentially compact then there exists a subsequence {xn′} that
is τ -convergent to x ∈ D. Using the lower semi continuity of τ then

r(x, D) ≤ lim inf
n→∞

r(xn′ , D) = r(D).

This clearly implies that x ∈ C(D).
We will say that M satisfies the τ -normal structure if and only if for every
τ -compact bounded convex subset D of M not reduced to one point has a
nondiametral point x ∈ D, that is

r(x, D) < diam(D).

Definition 4.2 A selfmap T defined on a subset D of M , is said to be
nonexpansive if

d(T (x), T (y)) ≤ d(x, y),

for every x, y ∈ D. The fixed point set of T is defined as

Fix(T ) = {x ∈ D; T (x) = x}.

We will say that D ⊂ M has the fixed point property if every nonexpansive
map defined on D has a nonempty fixed point set.
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Fixed point theory for nonexpansive mappings has its origins in the 1965
existence theorems [10,19,32]. Although such mappings are natural exten-
sions of the contraction mappings, it was clear from the outset that the
study of nonexpansive mappings required techniques which go far beyond
the purely metric approach. For more on the fixed point property see [1,17].
Our first result in this section relates the fixed point property to τ -Opial
condition.

Theorem 4.1 Let M be as described above and D be a τ -sequentially
compact bounded convex subset of M. We will assume that M satisfies the
τ -Opial condition and D is complete. Then D has the fixed point property.
Proof. Let T : D → D be a nonexpansive map. We will show first that
there exists a sequence {xn} ∈ D such that

lim
n→∞

d(xn, T (xn)) = 0.

Such sequence is called a quasi fixed sequence. Indeed let ε ∈ (0, 1) and
x0 ∈ D. Set

Tε(x) = (1− ε)T (x)⊕ εx0.

Since D is convex, this map is well defined. Using the hyperbolicity of M ,
one can show that

d(Tε(x), Tε(y)) ≤ (1− ε)d(x, y),

for every x, y ∈ D. Therefore Tε has a unique fixed point in D, say xε. It is
easy to see that

d(xε, T (xε)) ≤ ε diam(D).

If we denote by xn the fixed point of T1/n, we get

lim
n→∞

d(xn, T (xn)) = 0.

On the other hand since D is τ -sequentially compact there exists a subse-
quence {xn′} of {xn} that is τ -convergent to x ∈ D. Using the nonexpan-
siveness of T we deduce that

lim inf
n→∞

d(xn′ , T (x)) ≤ lim inf
n→∞

d(xn′ , x).
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Because M satisfies τ -Opial condition we obtain T (x) = x. The conclusion
of theorem 4.1 is therefore complete.

It is clear from the proof that one does not need the convexity of D.
Indeed this assumption can be replaced by assuming that D is starshaped,
that is there exists x0 ∈ D such that [x0, x] is in D whenever x ∈ D.
Let us add that under the assumptions of theorem 4.1 more can be said
about the fixed point set when the map is affine. Recall that T : D → D
(where D is convex) is said to be affine if for every x1, x2, .., xn ∈ D and
α1, α2, .., αn ∈ [0, 1] such that

∑
αi = 1, then

T (α1x1 ⊕ ..⊕ αnxn) = α1T (x1)⊕ ..⊕ αnT (xn).

Theorem 4.2 Let (M, d) be a hyperbolic metric space and D be a τ -
sequentially compact bounded convex subset of M . Assume that M satisfies
the τ -Opial condition. Let T : D → D be a nonexpansive affine map. Then
for every x ∈ D

P (x) = τ − lim
n→∞

(
1

n
x⊕ 1

n
T (x)⊕ ...⊕ 1

n
T n−1(x)),

exists. P defines a nonexpansive projection on Fix(T).
Proof. First we know from theorem 4.1 that Fix(T ) is not empty. Let x ∈ M
and put

yn =
1

n
x⊕ 1

n
T (x)⊕ ...⊕ 1

n
T n−1(x)

for every n ≥ 1. Let us show that {yn} is a quasi fixed sequence, that is
lim d(yn, T (yn)) = 0. Since T is affine then

T (yn) =
1

n
T (x)⊕ 1

n
T 2(x)⊕ ...⊕ 1

n
T n(x).

Therefore

d(yn, T (yn)) ≤ 1

n
d(x, T n(x)) ≤ 1

n
diam(D).

Hence
lim

n→∞
d(yn, T (yn)) = 0.
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Using the argument shown in the proof of theorem 4.1, we obtain that any
τ -cluster point of {yn} is a fixed point of T . Let y be a τ -cluster point of
{yn} and set

ηn = d(yn, y)

for every n ≥ 1. Let us prove that ηkn ≤ ηn for every k ≥ 1. It is easy to see
that

ykn =
1

k
z0 ⊕

1

k
z1 ⊕ ...⊕ 1

k
zk−1,

where

zi =
1

n
T in(x)⊕ 1

n
T in+1(x)⊕ ...⊕ 1

n
T in+n−1(x), i = 1, .., k − 1.

Since T is affine then

zi = T in(
1

n
x⊕ 1

n
T (x)⊕ ...⊕ 1

n
T n−1(x)) = T in(yn)

for every i ∈ [0, k − 1]. Then using the fact that y ∈ Fix(T ) and T is
nonexpansive we get

ηkn ≤
1

k

∑
0≤i≤k−1

d(zi, y) ≤ 1

k

∑
0≤i≤k−1

d(yn, y).

This clearly gives ηkn ≤ ηn. The last step in our proof will be to show that

lim
n→∞

d(yn, y) exists.

Let n0 ≥ 1 and n > n0. Then there exists k ≥ 1 such that

kn0 ≤ n < kn0 + n0.

Let us rewrite yn as

yn =
kn0

n
w1 ⊕ (1− kn0

n
)w2,

where w1 = ykn0 and

w2 =
1

n− kn0

T kn0(x)⊕ ...⊕ 1

n− kn0

T n−1(x).
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So

d(yn, ykn0) ≤ (1− kn0

n
)d(w2, ykn0) ≤ (1− kn0

n
)diam(D).

Using the definition of k, we deduce that

lim
n→∞

kn0

n
= 1.

Therefore
lim

n→∞
d(yn, ykn0) = 0,

which implies

lim sup
n→∞

d(yn, y) = lim sup
n→∞

d(yk(n)n0 , y) ≤ ηn0 .

Since n0 was arbitrary we deduce

lim sup
n→∞

d(yn, y) ≤ lim inf
n→∞

d(yn, y),

which gives the desired conclusion. Let us show that {yn} has one τ -cluster
point. Assume not and let y and y′ be two distinct τ -cluster points of {yn}.
Using the τ -Opial condition one can show easily that

lim
n→∞

d(yn, y) < lim
n→∞

d(yn, y
′).

This clearly implies a contradiction. Finally put

P (x) = τ − lim
n→∞

yn.

Then P (x) ∈ Fix(T ) and therefore we have P (P (x)) = P (x). Since T is
nonexpansive and d is lower semi continuous, then P is nonexpansive. This
completes the proof of theorem 4.2.

One would ask whether P is affine. This will happen if moreover we as-
sume that convex combinations are τ -sequentially continuous, that is if {xn}
and {yn} are τ -convergent to x and y respectively, then {αxn ⊕ (1 − α)yn}
τ -converges to αx⊕ (1− α)y for every α ∈ [0, 1].
The next question will be to wonder whether a similar conclusion holds for
nonaffine nonexpansive maps. Using Bruck’s ideas [11] one can indeed prove
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that the fixed point set is a nonexpansive retract of M . Bruck’s technique
will not give an ergodic conclusion similar to the one of theorem 4.2. For
more on this problem see [4,6,12].

Before getting to the result that relates τ -Kadec-Klee property to τ -
normal structure property, we need the following technical lemma [9].

Lemma 4.1 Assume that the hyperbolic metric space M has not the τ -
normal structure property. Then there exists a bounded τ -convergent sequence
{xn} ∈ M such that

lim
n→∞

d(xn, xi) = diam({xn}),

for every i ≥ 1.
Proof. Assume that M fails to have the τ -normal structure property. Then
there exists D a τ -compact bounded convex subset of M not reduced to one
point such that

r(x, D) = diam(D),

for every x ∈ D. Such a subset is called a diametral set. Let x1 ∈ D. Since
r(x1, D) = diam(D), one can find x2 ∈ D such that

diam(D)(1− 1

22
) ≤ d(x1, x2).

Assume that x1, x2, .., xn are constructed. Since D is convex then

1

n
x1 ⊕

1

n
x2 ⊕ ...⊕ 1

n
xn ∈ D.

Our assumption on D implies that there exists xn+1 ∈ D such that

diam(D)(1− 1

(n + 1)2
) ≤ d(xn+1,

1

n
x1 ⊕ ...⊕ 1

n
xn).

By induction the sequence {xn} is constructed. Let i ≥ 1 and n > i. Then
since

d(xn+1,
1

n
x1⊕...⊕ 1

n
xn) ≤ 1

n
d(xn+1, xi)+

∑
j 6=i

1

n
d(xn+1, xj) ≤

1

n
d(xn+1, xi)+(1− 1

n
)diam(D),
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we get

diam(D)(1− 1

(n + 1)2
) ≤ 1

n
d(xn+1, xi) + (1− 1

n
)diam(D).

This clearly implies

diam(D)(1− n

(n + 1)2
) ≤ d(xn+1, xi) ≤ diam(D).

Hence
lim

n→∞
d(xn, xi) = diam(D).

This conclusion is still valid for any subsequence of {xn}. Since D is τ -
compact, it is also τ -sequentially compact. Then {xn} has a τ -convergent
subsequence. This completes the proof of the lemma 4.1.

Theorem 4.3 Assume that M satisfies the τ -uniform Kadec-Klee prop-
erty. Then M has τ -normal structure property.
Proof. Assume not. Then there exists D τ -compact bounded convex subset
of M not reduced to one point such that r(x, D) = diam(D) for every x ∈ D.
Using lemma 4.1 one find a sequence {xn} ∈ D that is τ -convergent to x ∈ D
and such that

lim
n→∞

d(xn, xi) = diam(D),

for every i ≥ 1. One can assume that sep{xn} ≥ diam(D)/3. Since M
satisfies τ -uniform Kadec-Klee property there exists η > 0 such that for
every y ∈ D

d(x, y) ≤ diam(D)(1− η),

since d(xn, y) ≤ diam(D) for every n ≥ 1. Hence

r(x, D) ≤ diam(D)(1− η).

This clearly contradicts our assumption on D. Therefore the conclusion of
theorem 4.3 holds.

Finally it is worthy to mention that τ -normal structure property is re-
lated to the fixed point property via Kirk’s theorem [30,40].
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Theorem 4.3 Assume that M has τ -normal structure property. Let D be
a τ -compact bounded convex subset of M . Then D has the fixed point point
property.

The proof of this theorem is standard and will not be given here.

It is worthy to mention that a constructive proof of theorem 4.3 exists
(see [31]), which requires only τ -sequential compactness. Therefore many
definitions given above in terms of τ -compact subsets, can be weakened to
τ -sequentially compact subsets.
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